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Modeling the Schro¨dinger cat by a two state system and assuming that the cat is coupled to the
environment we look for the least paradoxical states of the Schro¨dinger cat in the following way. We
require the reduced density matrix of the cat for one of the two states in the superposition to be the
same as the one for the total state while distinct from the reduced density matrix of the cat for the
other state in the superposition. We then look for the reduced density matrices for which the cat is
as alive as possible for the first state (and as dead as possible for the second state). The resulting
states are those in which the probability for the cat to be alive (or dead) is 1/2 +
√
2/4 ≈ 0.854.
PACS numbers: 03.65.-w, 03.65.Ud, 03.65.Ta
In the thought experiment introduced by Schro¨dinger
[1] a superposition of microscopically distinct orthogonal
states leads to a superposition of macroscopically distinct
orthogonal states of the type
|χ〉 = 1√
2
|χ1〉+ 1√
2
|χ2〉, (1)
where |χ1〉 describes the Universe in which the cat is
alive, while |χ2〉 describes the Universe in which the cat
is dead. Rather then discussing possible resolutions of the
paradox (see, e.g. [2]) we would like to consider for what
states the paradoxical nature of superposition (1) is least
pronounced. Let us denote the reduced density matrices
of the cat for states |χ〉, |χ1〉, and |χ2〉 by, respectively, ρ,
ρ1, and ρ2. The paradox would not exit if ρ1 and ρ2 cor-
responded, respectively, to pure states for alive and dead
cat, and ρ was identical to either ρ1 or ρ2. Clearly, this
is not possible. However, since the cat can be entangled
with the environment, we can relax the requirement that
ρ1 and ρ2 correspond to pure states while keeping the
requirement that ρ is the same as either ρ1 or ρ2. This
would imply that the cat has some probability of being
dead for state ρ1 and some probability of being alive for
state ρ2. Then we can look for the density matrices ρ1
and ρ2 for which the cat is, respectively, as alive and as
dead as possible. Our analysis show that the resulting
states of the cat are those for which its probability to be
alive (or dead) is 1/2 +
√
2/4 ≈ 0.854.
To formulate the problem more precisely we model the
cat by a two state system with states |1〉 and |2〉 which
correspond, respectively, to alive and dead states of the
cat. We impose no restrictions on the form of the en-
vironment. Since the cat is modeled by the two state
system one can visualize the problem by using the Bloch
vector formalism [3]. Since we require that ρ is equal to,
say, ρ1, the Bloch vectors associated with ρ and ρ1 have
to be the same. We also would like the reduced density
matrices ρ1 and ρ2 to correspond to distinct states of the
cat. However, once ρ1 is given, there is no unique way
to choose a distinct ρ2. One possible choice is based on
the fact that in the Bloch picture two orthogonal pure
states correspond to two vectors of unit length pointing
in the opposite directions. Generalizing this to the den-
sity matrices we will require the vector for ρ2 to be of
the same length as for ρ1 but pointing in the opposite
direction. Let the Bloch vector for state |1〉 to lie in the
positive z direction. Then our problem is to find vectors
for ρ, ρ1, and ρ2 which, in addition to the requirements
imposed above, have the largest absolute value of the z
component. It is clear from this picture that one neces-
sary condition is that all three vectors are parallel to the
z axis. To find the maximum possible length of the vec-
tors and the corresponding probabilities it is convenient
to write states |χ1〉 and |χ2〉 which appear in (1) as the
Schmidt decompositions, i. e.,
|χ1〉 = λ|1〉|ψ1〉+
√
1− λ2|2〉|ψ2〉,
|χ2〉 =
√
1− λ2|1〉|φ1〉+ λ|2〉|φ2〉. (2)
Here λ2 is the probability that the cat is alive in state
|χ1〉 and that it is dead in state |χ2〉. Since Eqs. (2) are
the Schmidt decompositions, functions |ψ1〉 and |ψ2〉 are
orthonormal as are functions |φ1〉 and |φ2〉. Our analysis
now reduces to the search for states |ψ1〉, |ψ2〉, |φ1〉, and
|φ2〉 which lead to the largest value for λ2 and ensure
that all the requirements imposed above are satisfied.
Since we require states |χ1〉 and |χ2〉 to be orthogonal
to each other we must have
〈φ1|ψ1〉+ 〈φ2|ψ2〉 = 〈φ1|ψ1〉∗ + 〈φ2|ψ2〉∗ = 0. (3)
Substituting Eqs. (2) into Eq. (1) we obtain for |χ〉
|χ〉 = |1〉
(
λ√
2
|ψ1〉+
√
1− λ2
2
|φ1〉
)
+ |2〉
(√
1− λ2
2
|ψ2〉+ λ√
2
|φ2〉
)
. (4)
As we want the reduced density matrix obtained from
state |χ〉 to be the same as the one obtained from state
|χ1〉, state |χ〉 should have the Schmidt decomposition
|χ〉 = λ|1〉|ξ1〉+
√
1− λ2|2〉|ξ2〉. (5)
2Comparing Eq. (4) and Eq. (5) we obtain for |ξ1〉 and
|ξ2〉
|ξ1〉 =
√
1
2
|ψ1〉+
√
1− λ2
2λ2
|φ1〉,
|ξ2〉 =
√
1
2
|ψ2〉+ λ√
2(1− λ2) |φ2〉. (6)
For Eq. (5) to be the required Schmidt decomposition
functions |ξ1〉 and |ξ2〉 have to be orthonormal. It is suf-
ficient to require that |ξ1〉 and |ξ2〉 are orthogonal and
that one of them is normalized since conditions (3) will
ensure that the other state is also normalized. Requir-
ing that state |ξ1〉 is normalized leads to the following
equation for λ
2λ2 −Aλ
√
1− λ2 − 1 = 0, (7)
where A = 〈ψ1|φ1〉 + 〈φ1|ψ1〉. The requirement of or-
thogonality of |ξ1〉 and |ξ2〉 leads to
(1− λ2)〈φ1|ψ2〉+ λ2〈ψ1|φ2〉 = (1− λ2)〈φ1|ψ2〉∗
+λ2〈ψ1|φ2〉∗ = 0. (8)
Solving Eq. (7) for λ and keeping only the positive so-
lution (since the Schmidt decompositions allow only for
positive expansion coefficients) we obtain
λ =
√
1
2
− A
2
√
4 +A2
. (9)
States |ψ1〉 and |φ1〉 are normalized, as a result A can
take values between −2 and 2. The maximum value of λ,
λm is reached for A = −2. The corresponding probability
λ2
m
is given by
λ2
m
=
1
2
+
√
2
4
≈ 0.854. (10)
For A to be equal to −2 we must have |φ1〉 = −|ψ1〉.
Condition (3) then requires that |φ2〉 = |ψ2〉. The last
two equalities ensure that condition (8) is also satisfied.
Thus, states |χ〉, |χ1〉, and |χ2〉 with the sought after
properties will have the form
|χ〉 = λm|1〉|ψ1〉 −
√
1− λ2m|2〉|ψ2〉,
|χ1〉 = λm|1〉|ψ1〉+
√
1− λ2m|2〉|ψ2〉,
|χ2〉 =
√
1− λ2
m
|1〉|ψ1〉 − λm|2〉|ψ2〉, (11)
where |ψ1〉 and |ψ2〉 are two arbitrary orthonormal states
of the environment and λm is obtained from (10). To sum
up, the reduced density matrices of the cat for states |χ〉
and |χ1〉 are identical and diagonal in the basis of states
|1〉 and |2〉, the probability for the cat to be alive is about
0.854. The reduced density matrix of the cat for state
|χ2〉 is also diagonal in the same basis, the probability
for the cat to be dead is about 0.854.
It is easy to see that the limit λm appears already on
the level of an isolated two state system. Consider the
following orthonormal states for two state system
|I〉 = λm|1〉+
√
1− λ2m|2〉,
|II〉 =
√
1− λ2m|1〉 − λm|2〉, (12)
and their superposition
|III〉 = 1√
2
|I〉+ 1√
2
|II〉 = λm|1〉| −
√
1− λ2
m
|2〉. (13)
Note that states |I〉, |II〉, and |III〉 have the same prob-
abilities for the cat to be alive as, respectively, states
|χ1〉, |χ2〉, and |χ〉. If we use the Bloch vector formalism
and chose the vector for state |1〉 to lie along the positive
z axis, then state |I〉 corresponds to vector PI at 45 de-
grees to the z axis. The Bloch vector PII for state |II〉 is
of the same length as PI but pointing in the opposite di-
rection, while vector PIII for state |III〉 is at 45 degrees
to the z axis and perpendicular to both PI and PII . It
is clear from this picture that vectors PI and PII will
have z components equal to
√
2/2 with the correspond-
ing probability for the cat to be alive given by λ2m while
the z component for vector PIII will be −
√
2/2. By us-
ing this geometrical picture one can convince oneself that
this arrangement of vectors insures the largest absolute
value of the z component for the three vectors. All three
vectors, however, will have non zero and different x and
y components. Thus, coupling the cat to the environ-
ment in states (11) cannot increase the absolute value
of the z components and the corresponding probabilities.
However, it allows to remove the x and y components of
the Bloch vectors for all three states making the reduced
density matrices obtained from states |χ〉 and |χ1〉 iden-
tical. It can be argued that in the resulting states (11)
the fate of the cat is less dramatic than in the original
formulation of the paradox.
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